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ABSTRACT. Extending work of Meinhardt and Partsch, we prove that two varieties are isomorphic
in codimension c¢ if and only if certain quotients of their categories of coherent sheaves are
equivalent. This result interpolates between Gabriel’s reconstruction theorem and the fact that
two varieties are birational if and only if they have the same function field.

It is a well known fact that two varieties (i.e. irreducible and reduced schemes of finite type
over a field k) X and Y are birational if and only if their function fields are isomorphic. At the
same time, a theorem of Gabriel says that X and Y are isomorphic if and only if their categories of
coherent sheaves are equivalent (as k-linear categories). In this article we show that these results
are actually related: they are the two extreme cases of our main theorem.

Before giving a precise statement, we introduce some notation. For an integer k, we write
Coh¢(X) c Coh(X) for the subcategory of sheaves supported in dimension at most k. There is
a robust theory of quotients of abelian categories, and we define €y (X) := Coh(X)/ Coh;_1(X).
It is often convenient to re-index these categories by codimension, defining C¢(X) := Cgim x—¢(X).
We have M X(X) = Coh(X), and one shows that €(X) is equivalent to finite-dimensional vector
spaces over the function field of X. Finally, recall that two varieties X and Y are isomorphic in
codimension c if there exist open subsets U c X, V ¢ Y such that U is isomorphic to V, and the
codimensions of X \ U and Y \'V are at least ¢. In particular, X and Y are birational if and only if
they are isomorphic in codimension zero.

Theorem. Two varieties X and Y are isomorphic in codimension c¢ if and only if the categories
C4(X), C4(Y) are equivalent.

This result actually holds true in broad generality. For example we do not need to assume our
schemes to be reduced or irreducible. See Theorem [3.7] for the general result we prove.

As in Gabriel’s theorem for Coh(X), we can also characterize the group of autoequivalences. Let
Aut,(X) denote the group of birational self-maps, which are defined away from a closed subset of
dimension at most k—1. Let Picy;(X) denote the group (under tensor products) of sheaves which are
invertible away from a closed subset of dimension at most k£ —1 (see . The group Auts(X) acts
on Pics;(X) by (f,L) = (f71)*L. We may thus form the semi-direct product Autsj,(X) x Pics;(X).

Theorem. Let X be a variety. There is an isomorphism between Aut(Cy(X)), the group of
autoequivalences, and Auts(X) x Pics;(X).

Once again, the theorem holds in broad generality. See Theorem

Previous work. Gabriel originally proved his reconstruction theorem in [Gab62]. This was later
generalized considerably by various people |[Ros04, Bral3, [CG15]. In [MP14], Meinhardt and
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Partsch were interested in constructing stability conditions on the (derived categories of the)
quotient categories C¢(X). Along the way they showed the ¢ =0 and ¢ =1 cases of our main result,
when X, Y are smooth and projective over an algebraically closed field.
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Conventions. For the entirety of this paper we fix a base (commutative) noetherian ring k. All
algebras, schemes, categories, morphisms, and functors are implicitly assumed to be over k. Starting
from Section [3] all schemes will be assumed to be of finite type over k. If X is a scheme, U c X is
open, and F is a sheaf on X, we will write Fyy for the restriction (i.e. pullback) of F to U. If R is a
ring, we will write mod(R) for the category of finitely generated R-modules.
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1. QUOTIENT CATEGORIES

We begin by briefly reviewing some standard notions and later introduce some notation. We
refer to [Gab62l, [Fai81] for a thorough treatment of quotients of abelian categories. Let A be an
abelian category. A subcategory 8 c A is Serre if, given an exact sequence A - B — C, then B e §
if and only if A, C e 8. Given a Serre subcategory 8 c A, we may form the quotient ®: A — A/S.
This category is universal among all abelian categories B equipped with an exact functor ¥: A — B
such that U(S) =0 for all S e 8. Recall that the kernel of a functor ® is the full subcategory whose
objects satisfy ®(M) = 0. Thus 8 is precisely the kernel of A - A/S.

Lemma 1.1. Let 81 c 83 c A be two Serre subcategories of the abelian category A. Then 85/87 is
a Serre subcategory of A/8; and the quotient A/89 is naturally equivalent to the iterated quotient

(A/81)/(82/81).

Proof. The first assertion follows from the definitions, while the second is a consequence of the
universal property. O

Let A/8 be a quotient category. Let P, Q € A. To distinguish arrows in A from arrows in A/S, we
will write P — Q for the former and P — Q for the latter. If two objects P, Q € A become isomorphic
in A/8, we will write P = Q. Finally, a morphism f:P — Q such that ker f, coker f € 8 will be called
a weak equivalence.
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The quotient category A/8 may be concretely built as follows [KS06, Exercise 8.12]. The objects
of A/S8 are the same as the objects of A. A morphism P — Q is an equivalence class of “roofs”, i.e.

diagrams
U
P Q

with U - P a weak equivalence.

Lemma 1.2. Let A/8 be a quotient category.
e P=0if and only if P € 8.
e If0 -~ A~ B —~ C — 0 is short exact in A/8, then there exists objects A’,B’,C’ and
isomorphisms (in A/8) A -~ A’, B~ B’, C - C’ and a short exact sequence 0 - A’ - B’ -
C’ - 0 in A, such that the diagram

0 > A > B > ¢ > 0

commutes in A/S.
Proof. The first claim follows from [KS06, Prop 7.1.20 (ii)], the second is [Fai81l Cor 15.8]. O

1.1. Dimension. Let A be an abelian category. We say an object P is minimal if it has no non-
trivial sub—objectsH Note that for us the zero object is also minimal (this is slightly non-standard).
We let 8g be the smallest Serre subcategory containing all minimal objects of A. Let Ay = A/8p.
Since A; is also an abelian category, we may repeat the process. Let 81 be the smallest Serre
subcategory containing all minimal objects of A; and let Ag = A;/8]. We define 81 to be the kernel
of A - A - As. By iterating we obtain a sequence of quotients

(1.1) A=Ay » Ay » Ag » Az > - > {0}
and, by taking kernels, we find a nested family of Serre subcategories
(1.2) {0} c8pc8c8c83ccA
Of course, it need not be the case that there is a k such that Ay = {0} or that §; = A.
Definition 1.3. The Krull dimension of A is
dimA :=inf{k | Apy1 =0} =inf{k | 8§ = A}.
We also define
dimM :=inf{k | M=0in A1} =inf{k | Me S}
for any object M € A.
These definitions are of course justified by the algebro-geometric context.

W hat we call minimal objects are often called simple objects. However, by a simple sheaf one typically means
one that has only scalar endomorphisms.
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1.2. The geometric case. In this subsection, X denotes an arbitrary noetherian scheme. Let
€ = Coh(X) be its category of coherent sheaves. As before, we write 8 = 83 (X) for the sequence of
kernels as in ([1.2)). Denote by Coh;(X) the category of sheaves supported in dimension at most .

Proposition 1.4. We have §;(X) = Coh(X).

Before we prove this result, we need an alternative way to compute morphisms in our quotients.
We define Cg = € and €, = €/8y,_; for all other k.
Let X be a family of supports, i.e. a collection of closed subsets of X such that

e e,
o if Ze3 VcZis closed, then Ve X,
o if 71,79 € ¥ then Z1 UZg € X.

For example, ¥ might be the collection of all closed subsets of X of dimension at most k. Write
Cohx(X) c Coh(X) for the subcategory of sheaves F such that suppF € ¥. Because of our
assumptions, Cohy;(X) is a Serre subcategory. We write Q = Coh(X)/ Cohy,(X) for the quotient.

Lemma 1.5. Let F,G € Coh(X). Then

HOHlQ(F, G) = li)n HomU(FUa GU)
gcUcX
X\Uex

where Fy, Gy denote the restrictions to U.

Proof. We will define mutually inverse maps, following [MP14] Lemma 3.6]. We start by constructing
a map from right to left. Any element of the right hand side may be represented as a pair (U, f),
where X\ U € ¥ and f:Fy - Gy. Write I'y ¢ Fy @ Gy for the graph of f. Let Ec Fe& G be

any coherent sheaf such that Ey = T'y. Then E P B s a weak equivalence in Q, so the roof

pry pry
F «—— E — G represents an element f € Homg(F,G).

Suppose now f’:Fy;r — Gy represents the same element as (U, f). As above, we construct a roof

pr} pr
F — E' —2 G. Since (U, f) an (U’,f’) must eventually agree, there exists an open subset U”

with fiyr = f; and such that E” = EnE’ is equivalent to both E and E through the inclusion map.
The commutative diagram

E//
i J
] E/ \E, §
F G

shows that the two roofs are equivalent precisely as in [MPI14l Lemma 3.6].

Consider now a morphism f € Homg(F,G), represented by the roof F EEL @ Since s is a
weak equivalence (by definition of roof), we have supp(ker(s)) usupp(coker(s)) € X. Let U be its
complement. Once we restrict to U, s becomes an isomorphism, hence the map ¢ o s_l:FU - Gy
makes sense. To make sure the function f — t o s™! is well defined, we use that two different roofs
representing the same morphism must be equivalent. Indeed, up to restricting to a smaller subset,
we will obtain the same map. Finally, since we are allowed to choose ad hoc representatives, one
checks the two maps just defined compose to the respective identities. O
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Lemma 1.6. An object P € Coh(X)/Cohgj_1(X) is minimal if and only if either P =0 or P = Oy
for Z — X an integral closed subscheme of dimension k.

Proof. Let us write Q = Coh(X)/Coh¢j_1(X). We begin by showing that Oz is minimal, for Z - X
an integral closed subscheme. Suppose Oy sits in the middle of a short exact sequence in Q. By
Lemma this means that, up to passing to an equivalent object B = Oy, there is a short exact
sequence in Coh(X)

0-A-B-C-0.

The goal is to show that either C =0 or that B - C is a weak equivalence.
Let n be the generic point of Z and let R = Ox ; be the corresponding local ring, with maximal
ideal m. By taking germs, we get a short exact sequence

0> A,y —By—Cy—0

of R-modules. Since B and Oz are isomorphic up to Cohgj_1(X), we have By ~ Oz, = R/m. It
follows that either C;, = 0 or C,, = By,.

If C;; = 0 then dimsuppC < k, which implies C = 0. If C;, = By, then dimsupp A < k, which
implies C =B = Oy,

To prove the other direction, let F € Coh(X) represent a minimal element in Q. Let Z be the
scheme-theoretic support of F, i.e. Z = V(Ann(F)). If dimZ < k, then F = 0. If not, without loss of
generality we may assume 7 is irreducible, reduced and of dimension k. This previous claim follows
by minimality: we always have a surjection F — F/IF for I the ideal sheaf of a closed subscheme of
Z.

By the argument above, we already know Oy is minimal in Q. Our goal is to construct a non-zero
map Oz - F, proving Oz = F. For this, we use Lemma |1.5

Write i:Z = X for the inclusion. We know F = i F’, where F’ = i*F € Coh(Z). Let U c Z be an
affine open. We must have a non-torsion element a € F{;, otherwise the whole F’ would be torsion
and dimZ < k. View now a as a non-zero map Oy — F'.

Let W = Z~ U. Since Z is irreducible, we must have dimW < k. Let U = X x W. We have

Homg (Oﬁ,Fﬁ) = Homg; (oﬁ, iy« (F(y)) = Homy (Oy, Fyy) -

Since the map Oy — F{J is compatible with further restricting U, by Lemma we have cooked up
a non-zero map Oz — F. The claim follows.

Lemma 1.7. The subcategory Cohcy(X) c Coh(X) is the smallest Serre subcategory containing
Cohgp_1(X) and all the sheaves Oz, with Z — X integral closed subscheme and dimZ = k.

Proof. Tt is easier to work in the quotient Q = Coh(X)/Cohcr_1(X). The claim is equivalent to
showing the following. Suppose 8 c Q is a Serre subcategory containing all Oy, for Z — X an integral
closed subscheme with dimZ = k, and suppose F € Coh.;(X). Then F € 8.

If F = Oy, with Z integral, then F € § by assumption. If F = Oy, with Y reduced but possibly
reducible, let Y1,...,Y, be its irreducible components, equipped with the reduced scheme structure.
The sheaves Oy, all belong to 8 by assumption. There is a map Oy - Oy, ® - ® Oy_. Since the
intersection of all minimal primes in a reduced ring is zero, this map is injective. As 8 is a Serre
category, it follows that Oy € 8.

Suppose now F € Coh (X) satisfies the following: there exists a reduced Y, with ideal sheaf I,
dimY <k, and IF = 0. Let i:Y = X be the inclusion. By assumption there is an F’ € Coh(Y) such
that ixF' = F. Let now W c Y be a closed subset, with dim W < &, and such that U =Y \ W is affine.
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Let U =X\ W. The restriction F/; is globally generated, hence there is a surjective map O®" — F7..
U U U
By pushing forward, there is a surjection O%T - Fg. Using Lemma this induces a surjection

O%‘?T — F in the category Q. Since Oy € 8, we see that F € 8.

Suppose now F € Coh ;,(X) is arbitrary. Let Y be its scheme-theoretic support. Let I c Ox be
the ideal sheaf defining Y,eq. By noetherianity, there exists an m such that I™*1F = 0. We have a
string of short exact sequences

0-IF->F->F/IF -0
0 - I?’F - IF - IF/I?F - 0

0—I™F - I 'F - 1™ LR /I™F - 0

Now, I(I*F/I%*'F) = 0 for any a, hence they belong to 8. Using induction starting from I(I™F) = 0,
and using as always that 8 is Serre, we see that F € S. O

Proof of Proposition[I.j} We proceed by induction on k. By definition, 8y is the smallest Serre
subcategory containing all the minimal objects of Coh(X). By Lemma these are precisely the
skyscraper sheaves. By Lemma 8o = Coho(X).

Suppose the theorem is true for k — 1, let Q = Coh(X)/ Cohc;_1(X) = Coh(X)/S;_1. Let 8 be
the smallest Serre subcategory of Q, containing all minimal objects of Q. By definition, §;, is the
kernel of Coh(X) - Q - Q/8. By Lemma the minimal objects of Q are precisely the Oy with Z
integral of dimension k. Combined with Lemma 1.7} we see that 8 is the image of Cohgy,(X). Hence,
Sk = COhsk(X). (]

The following follows from Lemma [1.5] and will be useful later.

Lemma 1.8. Let P be a non-zero minimal object in €, corresponding to a (non-necessarily closed)
point 7 € X. We have Home, (P,P) = x(z), where (z) is the residue field of the point .

From now on we will write C = € (X) = Coh(X)/ Cohgi_1(X).

2. A LOCALLY RINGED SPACE

For this section, let X be a finite-dimensional noetherian scheme, which (as per our blanket
conventions) is moreover defined over our base ring k. Our present goal is to define an auxiliary
locally ringed space S = S(X, k,L), depending on X, an integer k and a sheaf L. This space will
control the isomorphism type of X up to subsets of dimension k — 1. A posteriori it will be obvious
that S does not depend on the sheaf L. The reason we initially insist on the dependency on L will
become clear in the next section: an equivalence Cr(X) ~ Cr(Y) need not send Ox to Oy.

We say a point z € X has dimension k if dim {z} = k. Put differently, z is the generic point of a
subvariety of dimension &, which (when X is equidimensional and catenary) in turn is equivalent
to dimOx , = dimX - k. We write X5, ¢ X for the subset of points of dimension at least k. In
particular, X, always contains the generic points of the irreducible components (of dimension at
least k) of X. We endow X, with the subspace topology. If i: X, — X denotes the inclusion, we
may view the former as a locally ringed space with structure sheaf i~1Ox. This space will turn out
to be isomorphic to the space S we are about to define.
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Before we proceed, recall that i 1Oy is (by definition) obtained by sheafifying the presheaf i* Oy,
given by

Vi h_H)l Ox(U)
UoV

where the limit ranges over all U ¢ X open and containing V ¢ X, .
Lemma 2.1. The presheaf i*Ox is already a sheaf, hence

it Ox (V) = lim Ox (V).
UoV

Proof. Let V ¢ X5}, be open. A section in i*Ox (V) is represented by an € Ox (U), for U € X open
and V c U. Let {V;}; be an open cover of V, such that the restriction «|V; = 0 vanishes, for all 4.
We may then find open subsets U; c U, such that U; n X5, = V; and «|U; = 0. Let U’ be the union
of the U;. Then, Vc U’ c U and a|U’ = 0. Hence the section [a] € i*Ox (V) must be zero.

Suppose once again {V;}; is an open cover of a given open V c X, ;. We may assume the cover
to be finite.

Let [o;] € i7Ox(V;) be a collection of sections such that [a;][V; NV, = [a;]|V; n'V;. For each
i, suppose «; € Ox(U;) for V; ¢ U; ¢ X. Now, for each pair ij, we may choose an open subset
V;n Vj (= Uij cU;n Uj, such that ai|Uij = Ozj|U¢j. Note that Wij =U;n Uj N U'L'j has dimension at
most k — 1. We replace X with U =u;U; N~ u; jWy;, which is open and contains X, . Finally, we
replace the open subsets U; with U, =U; nU.

Since Ox is a sheaf, and U; n U;- c Uy, there exists « € U restricting to a; on U;, which gives the
desired section as the complement of U in X has dimension at most k£ — 1.

O

2.1. The topological space S. We now come to the definition of S. Let k£ >0 be an integer. As
a set, S consists of isomorphism classes of (non-zero) minimal objects of €;(X), where d ranges
between k and dim(X):

§:= |J {0 Pey(X) | P minimal} |
d>k

We define a topology on S, by declaring what the closure of a point s € S ought to be. Let P € Coh(X)
represent a nonzero minimal object in €4(X), with d > k. Define

Zp = N {O # Q€ C;(X) | Q is minimal, Q is a quotient of P'}/'
d2j>k  P'e€;(X) =
P’ represents P

We endow S with the coarsest topology containing the sets S \ Zp, for all P € Coh(X).

Lemma 2.2. Define a map X5, — S by sending z — Om, where m is equipped with the reduced

scheme structure. This map is a homeomorphism.

Proof. Since X is noetherian, the subsets X \ {z}, as z varies in X, form a basis of the topology.
Proposition [.4] and Lemma [I.6] allow us to conclude. O
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2.2. A Picard group. We introduce now the analogue of Pic(X) for the category Ci(X). We
define Picy (X) to be the group (under tensor product) of isomorphism classes of objects Lj € Ci(X)
for which there exists a representative L € Coh(X) satisfying the following property: there exists an
open subset U c X, such that X, c U, and the restriction Ly is an invertible sheaf. Put concisely:
Pics 1 (X) consists of (the Cp(X)-isomorphism classes of) those L which are line bundles away from
a closed subset of dimension at most k£ — 1. We will see in proposition that this definition is
intrinsic to the category € (X).

2.3. The locally ringed space S. For F € Coh(X), we define its topological k-support to be
suppy, F := X, nsupp F. Using the homeomorphism of Lemma @ we may view suppy F as a closed
subset of S. Similarly, if G € Cz(X) with d < k, we define supp;, G = suppy, G, where G € Coh(X) is
any representative of G.

Fix now L € Picy;(X). We will now define a sheaf of rings Og on S, depending on L. For V c S
an arbitrary open subset, we define

0g(V) := lim Homy (Ly, Ly)
UoV

where U 5V runs over all open subsets of X containing V.

Proposition 2.3. The assignment V — Og(V) defines a sheaf of rings on S, making (S, Og) into a
locally ringed space. Moreover, the homeomorphism X,z — S from Lemma may be upgraded to
an isomorphism of locally ringed spaces over Speck.

Proof. Suppose first L = Ox. Then Lemma [2.2] and Lemma imply the claim. Let L be general.
There exists then an open subset U, with X, c U, such that L becomes invertible once restricted to
U. But then the natural map Ox - Homy (L, L) also becomes an isomorphism once restricted to U.
The claim then follows from the case where L = Ox. O

2.4. Intermezzo. To proceed with the final proof of this section, we must first introduce one last
category. Suppose 0 # P € €;(X) is minimal, and denote by z € X, the corresponding point. In
particular, if Z = m, the sheaf Oy represents P. The goal is to define a category Cp, recovering the
local ring Ox , at z.

Lemma 2.4. Given an element F € Coh(X), the subset supp, (F) c X5, only depends on the class
of F in Cy.

Proof. Let P be a minimal object in €. Then by lemma (1.5 the corresponding point P € X,
belongs to suppy (F) if and only if Home, (F,P) # 0. O

Consider the collection of E € S such that P ¢ suppy, E, and let Sp c Ci(X) be the smallest Serre
subcategory containing them. We define Cp to be the quotient C;(X)/8p. Furthermore, write Ep
for the class of E in Cp.

Lemma 2.5. Let L € Picy;(X). We may identify the ring Ende, (L) with the local ring Ox ;.
Moreover, the functor Cp — mod(Ox ) sending E to Home, (L, E) is an equivalence.

In particular we may identify the stalk E; € mod(Ox ) with the object Ep € Cp.

Proof. Let X ; be the collection of closed subsets of X not containing z. From the definition of Sp,
we see that Coh(X)/8y,, = Cp. Using Lemma we see
Homep (E5 F) = h_I>n HomU(EU’ FU) = HOHIOXJ (E$7 F.T)
zeUcX
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Since Ly = 0x 4, and Ox ; = Endg,  (0x ;) = Ende, (L). Hence the functor is fully faithful. To
prove it is essentially surjective, it suffices to observe that, given a finitely generated Ox ,-module
M, there exists a coherent sheaf E € Coh(X) such that E; = M. O

Remark 2.6. When X in the above lemma is integral, and z is its generic point, then Ox , = K(X)
is its function field. It then follows that Cgimx(X) = Cpy, and the functor Cp, — mod(K(X)) is an
equivalence. Hence Cqim x (X) captures the birational type of X.

2.5. A non-commutative remark. Following up Remark[2.6] we briefly discuss a non-commutative
avenue. One perspective on non-commutative geometry is that a non-commutative space should be
given by an abelian category A, satisfying some niceness properties. Much work has been devoted
to this point of view, see for example [AZ94] [ATVABI1], [Ros95, [VdBOI]. A basic question is then
whether there exists a non-commutative analogue of birational geometry. For example in [Smi01]
one finds a candidate for a function field of a general A, and in [PVdB16] there are interesting
examples of birational non-commutative surfaces.

However, a complete and satisfactory theory of non-commutative birational geometry does not
seem to exist presently. For instance, to capture higher dimensional phenomena (such as flops and
flips), one needs to know not just when two spaces are merely birational, but also when they are
isomorphic in a certain codimension.

On the other hand, as we discussed in the previous section, the categories Cohy (X) are intrinsic
to the category Coh(X). Indeed, given an abelian category A, we may form our sequence of quotients
Aj as in . In light of Remark if there exists an n such that A, #0 but A,.+1 =0, we would
view A, as the non-commutative function field of A. It would be interesting to see the relation
between this and Smith’s function field [Smi0T].

In general, given the main theorem of this paper, the quotient categories Aj, (for k > n) could be
seen as capturing the non-commutative space A, up to a certain codimension.

2.6. Equivalences. We conclude this section by showing that equivalences of the quotient categories
induce isomorphism of the locally ringed spaces.

Proposition 2.7. Let X, Y be schemes of finite type over k. A k-linear equivalence ®:Cy(X) —
Cr(Y) induces an isomorphism of locally ringed spaces ¢: X5 = Ysp.

Proof. Let L € Coh(Y) be a representative for ®(0x). We want to show that L is a line bundle
away from a small enough closed subset. Notice first that Ox satisfies the following property: if P is
any non-zero minimal object of Cj(X), then Home, (x)(Ox,P) is a one-dimensional Ende, (x)(P)
vector space. Moreover, Ox is locally maximal with respect to this property: given F such that
Hom@k(x)(F, P) is one-dimensional, any surjection F - Ox in Cp must be an isomorphism. Since
these two properties are categorical (i.e. intrinsic to Cx(X) and the minimal object P) they will
satisfied by L as well.

We claim that, for any sheaf L satisfying the two properties above, there exists an open subset U c
Y, with Y5z c U, such that the restriction Lys is a line bundle. Indeed, consider the function 5:Y - N,
taking y € Y to the rank of the fibre dim, )L ® #(y). This function is upper semicontinuous. The
locus {8 = 0} is therefore open. Let Z be the union of the irreducible components of dimension
strictly less than k. We see that {8 =0} n (Y \Z) is empty. Therefore, the locus U={8=1}n(Y\Z)
is open, and (by assumption) contains all points of dimension k. By Nakayama, the Oy,y-module
Ly has rank 1 at all points y in U. Using Lemma and the local maximality property of L, we
deduce that Ly = Oy , at all points of dimension £, as there is by definition a surjection Oy , — Ly,
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which must be an isomorphism by maximality. Finally, the set of points y such that L, is free is
open. Since it contains all points of dimension k it follows that L, is free of rank 1 at all points in a
subset U’ containing all points of dimension k.

From the discussion above it follows that the equivalence ® induces an isomorphism of locally
ringed spaces S(X, k,O0x) = S(Y, %k, ®(Ox)). The proposition then follows: the former is isomorphic
to X5k, and the latter to Y, as locally ringed spaces. O

3. GABRIEL’'S THEOREM

As usual, let k be our base ring, and let X, Y be schemes over it. Recall that we write C(X) for
the quotient Coh(X)/ Cohg_1(X), with analogous notation for Y. To prove our main theorem we
will deal with the two directions separately.

3.1. The “hard” direction. Suppose we have an equivalence of categories Cx(X) ~ Cx(Y), which
by default is assumed linear over k. Proposition [2.7 implies there is an isomorphism of locally ringed
spaces Xsj = Yy over Speck.

Proposition 3.1. Let ¢: X, - Y5, be an isomorphism of locally ringed spaces over Speck. There
exist open subsets U c X,V c 'Y containing all points of dimension > k, and an isomorphism f: U -V
of k-schemes, which restricts to ¢.

Let us start with a lemma.

Lemma 3.2. Let X,Y be schemes of finite type over k. Assume there is an isomorphism of
k-algebras between local rings Ox , ~ Oy , where p € X, g € Y are not necessarily closed. Then
there are open subschemes p e Uc X, g€V cY such that U=~V as k-schemes.

Proof. Fix open neighborhoods p € Spec(A) c X, g € Spec(B) ¢ Y, and consider the composition
B - By - A,. Given a finite set of generators y1,...,y, for B as a k-algebra, their images will be
in the form z;/s1,...,2n /sy where z1,..., 2, belong to A and s1,..., s, belong to ANI(p). Here
I(p) c A denotes the prime ideal corresponding to the point p € Spec A.

The image of B is thus contained in S™'A where S = {s* ... sin}. The inclusion Spec(S™'A) c
Spec(A) is open and contains the point p. Hence we just constructed a map W — Spec(B) where
W is a neighborhood of p, sending p to ¢. By restricting to open subsets p € U c Spec(A) and
q € V c Spec(B), we may further assume this map to be unramified, quasi-finite, and of degree one
at all points, i.e. an isomorphism. O

Lemma 3.3. Let U = Spec(A),V = Spec(B) be affine schemes of finite type over k, and let

f,9:U > V be two morphisms. Suppose further that there is a p € U such that f(p) = g(p) = ¢,

and f\év = g"év . Then there is an open subscheme p € U’ c U such that f and g are equal when
»q »q

restricted to U’.

Proof. Let y1,...,yn be a set of generators for B as a k-algebra. We know f(z;) = g(=;) in the
localization Ay, for all i. After inverting a finite number of elements in A N I(p) we will have

f(z;) = g(x) in STTA, for some (finite) set S ¢ (A ~1(p)). To conclude, set U’ = Spec(S71A) c

Spec(A). O
Proof of Proposition[3.1} Let V ¢ Y be an affine open subset. As Y is of finite type over k, the
algebra Oy (V) is generated by a finite set yi, ..., yn of generators. Consider y, ..., yn as elements

of Oy,, (VNYyy). There exists an open subset U c X, containing the inverse image of V.n'Yyy,
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such that the elements ¢*(y1),...,¢* (yn) are represented by 1, ..., 2, € Ox(U). This induces a
morphism ¢y: U - V.

The morphism ¢y is an isomorphism at all the local rings of points p € VNY,;. By Lemmas @
given any point p € UnY sy there is a neighborhood U, c U such that ((bU)‘UP is an isomorphism.
Up to restricting U and V to smaller open subsets containing all points of X5z N U and Y5z NV, we
may then assume that ¢y is an isomorphism.

Note that, following the construction above, the morphism ¢y coincides with the original ¢ on
all local rings in U n X . Explicitly, for each p € X, we have Ox,, , = Ox ;, and ¢y ; = ¢p.

Suppose now we apply the same construction to two different open subsets, obtaining isomorphisms
¢u;:Ui > Vi, ¢y;:Uj - V;. The two maps must agree on local rings for all p € U; nU; 0 Yy
Lemma [3.3] informs us that, up to removing a closed subset of dimension at most k — 1 from U; and

U, and their images, the two maps must agree. Pick now a finite open affine cover Uy,..., Uy, of X.
We may iterate the procedure above to all m-fold intersections, with m < n, refining our open cover
and obtaining the claim. O

3.2. The “easy” direction. The converse direction, i.e. that a birational map induces an equiva-
lence of categories, is actually false in the generality we have maintained so far.

Remark 3.4. Let X be the spectrum of a DVR, with closed point z and open point 7. Let K = Ox ,,
be the local ring at 1. Let Y be SpecK, and write y for the unique point of Y. Then X and Y are
birational, in the sense that Oy , ~ Ox p, but X571 # Y>1. Indeed, the former consists of just 7, while
the latter is empty. At the categorical level, €1(X) ~ mod(K) while €1(Y) = 0. The culprit is the
fact that the singleton {n} is open in X, but has smaller dimension. This phenomenon does not
occur for varieties.

However, over a field everything works just fine.

Proposition 3.5. Suppose our base ring k is a finite type algebra over a field. Let j: U < X be an
open immersion. Suppose dim X \ U < k. Then j* induces an equivalence €y (X) ~ € (U).

Proof. This is a consequence of [StalT, Tag 01PI] and Lemma O

Remark 3.6. The hypotheses in the previous proposition con be weakened. The statement holds
true as long as for an open subset U we always have that U, = X5, nU, which by [DG66, 10.6.2]
is implied by X being Jacobson, universally catenary and every irreducible component of X being
equicodimensional.

3.3. The main theorem. Assembling our previous results together, we arrive at our main result.
We say two schemes X,Y are isomorphic outside of dimension k —1 of there exist isomorphic open
subsets U c X,V cY, such that X5 c U, and Y55 c V.

Theorem 3.7. Assume our base ring k is a finite type algebra over a field. Let X, Y be schemes of

finite type over k. Then X and Y are isomorphic (over k) outside of dimension k - 1 if and only if
CrL(X) = CL(Y).

Assume k is a field, and X and Y are irreducible. In this context it is preferable to rephrase
things in terms of codimension. Let C¢(X) = Cgim x—c(X), and similarly for Y. Recall that X and

Y are isomorphic in codimension c if there exist isomorphic open subsets U c X, V c Y, such that
codimX\U > ¢, codimY \V > c.

Corollary 3.8. Let k be a field, and let X and Y be irreducible (but not necessarily reduced).
Then X and Y are isomorphic in codimension ¢ if and only if C¢(X) and C¢(Y) are equivalent.


http://stacks.math.columbia.edu/tag/01PI
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4. THE GROUP OF AUTOEQUIVALENCES

Gabriel originally also characterized the autoequivalences of the category of coherent sheaves.
Indeed, Aut(Coh(X)) = Aut(X) x Pic(X), where to form the semi-direct product we use the standard
(left) action of automorphisms on line bundles: (f,L) = fiL = (f 1)*L. We want to now describe
what happens when passing to the quotients.

For this section, assume k is a finite type algebra over a field. Let Aut,(X) be the group of
birational self-maps X -» X which are defined on an open subset containing X, modulo the obvious
equivalence relation: f ~ g if the two are equal on an open subset containing all points of dimension
at least k. Recall the definition of Picy;(X) from

Theorem 4.1. There is an isomorphism of groups
Aut(Cr (X)) =~ Auts; (X) x Pics (X).
Where to form the semi-direct product the action is given by (f,L) = (f~1)*L.

Let G = Auty(X) x Picy(X). There is an obvious group homomorphism G — Aut(Cy), sending
the pair (f,L) to the auto-equivalence F ~ (f~1)*F ® L. Conversely, an auto-equivalence ® induces
an automorphism of the locally ringed space X,j, and hence a birational self-map f, which is
uniquely defined up to a subset of dimension at most k£ — 1 thanks to lemma [3.3] One checks
that the assignment ® — (f,®(Ox)) is also a group homomorphism. Clearly, the composition
G = Aut(C (X)) — G is the identity. We thus have a (split) short exact sequence

1-Q - Aut(Cr(X)) — Auts(X) x Pics(X) - 1.

Proving the theorem amounts to showing that the kernel Q is trivial. To this end, suppose we have
an auto-equivalence ® such that the induced map on X, is the identity, and ®(Ox) = Ox. We will
construct a natural isomorphism 7: ® - Ide, (x)-

Lemma 4.2. let M, M’ be coherent sheaves on X and assume that M ® Ox,p=Mp = M%, for a point
P € X. Then there exists an open neighborhood U of P and an isomorphism of coherent sheaves
My = My;.

Proof. The same argument we used for Lemma works here. O

Lemma 4.3. let M, M’ be coherent sheaves on X and let f, g:M — M’ be two morphisms. If the
localizations fz, gz: Mz — M., are equal for all points x € X5, then there is an open subset X5j ¢ U
such that the restrictions f|y, gly are equal.

Proof. The same argument as in Lemma shows that given each such x there is an open
neighborhood containing x where the maps are equal. We can then conclude by the fact that being
0 is an open property. U

Proof of Theorem[.1. We wish to construct a natural isomorphism 7:® — Ide, (x), as explained
earlier. To start, assume that X is affine. Let M be a coherent sheaf on X. Then

Home, (x)(Ox, M) = Homg, (x)(®(0x), ®(M)) = Homg, (x)(Ox, 2(M)).

Fix a representative M’ € Coh(X) of ®(M), and let mj,...,m/. generators for M". To each
of these corresponds a map si’: Ox - M'. Let sq1,...,s- be the inverse images of these maps in
Hom@k(x)(OX7 M). By Lemma we can pick morphisms Sy, ...,S; € Homy(Oy,My) where U is
an open subset of X whose complement has dimension at most k£ — 1, which in turn give us global
sections my, ..., my of My.
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Note that the assignment m{ ~ m; induces an isomorphism between the local modules M{D and
Mp for all points P of dimension k. By Lemma up to restricting U by removing a subset of
dimension at most k — 1, we can assume that the sheaf of relations between my, ..., m, is isomorphic
to the sheaf of relations between myq, ..., m,, and thus the assignment m{ ~ m; induces a morphism
My, - My (note that this works because every open subset is sent to itself by the induced morphism
on sz).

Now fix an affine covering Uy,..., Uy of U. The assignment mj,...,m,. ~ mi,..., m, induces a
morphism M{Jz — My,. Thanks to Lemma up to restricting U further, we can assume that
these maps glue to a morphism M{J — My. Note now that my,..., m, are generators of M on an
appropriate open subset due to the exact sequence

!

0% L M - 0

being sent to

0% 25 M0
by 1. So doing the same process we can construct a map My — M(/ for some open subset V of X
whose complement has dimension at most k¥ —1. On UnV these two maps are inverse to each other,
so we have constructed an isomorphism 7p: M ~ M’ in €4 (X).

Note now that on local rings this isomorphism is uniquely determined by the isomorphism
Home, (Ox, M) =~ Home, (Ox,M’), for each minimal object P. Using Lemmas we conclude
that the isomorphism 7y is unique and functorial. We have thus proven the claim for affine schemes.
Now note that by taking an affine covering X; of a general scheme X of finite type over k, the maps
TM,; We construct as above will glue (up to removing closed subsets of dimension at most & - 1),
giving rise to the sought after natural isomorphism 7. U
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